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Abstract
In this paper we give a characterisation of real closure ∗ of regular rings, which is quite
similar to the characterisation of real closure ∗ of Baer regular rings seen in [4]. We also
characterize Baer-ness of regular rings using near-open maps. The last part of this work
will concentrate on classifying the real closure ∗ of Baer and non-Baer regular rings (upto
isomorphisms) using continuous sections of the support map, we construct a topology on this
set for the Baer case. For the case of non-Baer regular rings, it will be shown that almost no
information of the ring structure of the Baer hull is necessary in order to study the real and
prime spectra of the Baer hull. We shall make use of the absolutes of Hausdorff spaces in
order to give a construction of the spectra of the Baer hulls of regular rings. Finally we give
example of a Baer regular ring that is not rationally complete.
Mathematics Subject Classification (2000): Primary 13J25; Secondary 06E15, 16E50
Keywords: real closed ∗ rings, Baer von Neumann regular rings, absolutes of Hausdorff
spaces, rational completeness, continuous sections, near open maps, compact-open topol-
ogy, point convergence topology, Gleason spaces.
Henceforth, when we say regular ring, we mean a von Neumann regular ring. When we say
ring, we usually mean commutative unitary partially ordered ring. Poring is a ring A that has a
partial ordering A+.
We assume that the reader is familiar with the notations used in [3] and [4]. However for
completeness, here are a list of notations that may be used.
Notation. Let A be a ring and x ∈ A
• If A is a poring then SperA is the topological space (Harrison Topology) consisting of prime
cones containing A+
• E(A) := {e ∈ A : e2 = e} is the set of the idempotents of A
• B(A) is the Baer hull of A, if A is a poring with partial ordering A+ then we use the partial
ordering
B(A)+ := {
n∑
i=1
b2i ai : n ∈ N, bi ∈ B(A), ai ∈ A
+ for i = 1, . . . , n}
for B(A)
• Q(A) will be the complete ring of quotients of A. If A is a poring with partial ordering A+,
then we use the partial ordering
Q(A)+ := {
n∑
i=1
x2i ai : n ∈ N, xi ∈ Q(A), ai ∈ A
+ for i = 1, . . . , n}
for Q(A)
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• CRings is the category of commutative unitary rings with the usual ring homomorphisms
(i.e. 1 is mapped to 1)
• DA(x) := {p ∈ SpecA : x 6∈ p}, if it is clear with what rings we are dealing with we write
D(x) instead.
• If A is a poring PA(x) := {α ∈ SperA : x ∈ α\supp(α)}, we may also write P (x).
• Let α ∈ SperA then by ρ(α) we mean the real closed field (upto A/supp(α)-isomorphism)
that is algebraic over Quot(A/supp(α)) and such that α/supp(α) is positive in it.
First a few note about [4]. There we constantly made use of a certain Theorem by Storrer
that involved essential extension of rings, but we made use of a rather stronger statement of the
original Theorem (which is also true). The original Theorem found in [13] Statz 10.1 states that
if A is a semiprime ring and if B is an essential extension of A, then there exists a monomorphism
of rings Q(A) →֒ Q(B). But when one looks at the proof of Storrer’s Theorem (which we shall
officially call the Storrer’s Satz ) one has more to say. In fact it was first pointed out by Raphael,
in [12] Theorem 3.12, that Storrer’s Satz can be strengthened in the following way . . .
Theorem 1. (Storerr’s Satz) Let A be a semiprime ring and let B be an essential extension of
A. Then there exists a monomorphism of rings f : Q(A) → Q(B) such that the diagram below
commutes (in the category CRings)
A
B
Q(A)
Q(B)
..................................
....
..
........
..............................................................................................
.....
...
...
.
..............................................................................................
.....
...
...
.
..................................
....
..
........
f
where the unlabeled maps in the commutative diagram above are all canonical maps.
The proof of the above Theorem is omitted as it is already manifest in the proof of the original
Theorem made by Storrer ([13] Satz 10.1). I have already made several use of this new form of the
Theorem in my paper [4]. This form of Storrer’s Satz will be used very often in the future as well.
By the way we assumed the partial orderings of our complete ring of quotients (i.e. they have
the weakest partial ordering such that they contain the partial ordering of the original poring) we
at once see that Storrer’s Satz also holds in the category of porings. That is, we can assume our
rings to be porings and our ring homomorphisms to be poring morphisms.
Construction 2. For completeness, we shall write down how the monomorphism in the Storrer’s
Satz above is constructed.
For any ring A, there is a ring monomorphism A →֒ Q(A) (see [7] §2.3 Proposition 6 p.40).
We may also write
Q(A) =
.⋃
D⋖A
HomA(D,A)/ ∼A
where ∼A is a specific equivalence relation and D ⋖ A means that D is a dense ideal of A. For
readers unfamiliar with the terminology and concept used in the study of the complete ring of
quotients of rings, I suggest [5] §1 and [7] §2.3 and §2.4 p.36-46 as reference.
Henceforth, for any ring A and for any φ ∈
.⋃
HomA(D,A) we write [φ]A to mean the canonical
image of φ in Q(A).
Now we are ready to make the construction. Let A and B satisfy the condition of the Storrer’s
Satz. Let φ : D → A be a module morphism with D a dense ideal of A. Storrer showed the
following
1. There is a maximal family {di}I ⊂ D such that ⊕IdiA is a direct sum and is dense in A
2. D := ⊕IdiB is then a direct sum and is dense in B
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3. We then associate [φ]A to [φ]B where
φ := ⊕Iφi : D −→ B
with φi : diB → B defined by φi(di) := φ(di) ∈ A ⊂ B. This association turns out to be
not only a well-defined function between Q(A) and Q(B), but also a ring monomorphism
satisfying the Storrer’s Satz above.

There is another result by Raphael which I have made use in [4] and I will also make constant
use of it hereafter. The result I shall call Raphael’s Lemma whose proof is a combination of proofs
found (but not formally stated) in [12] Lemma 1.14, Proposition 1.16 and Remark 1.17.
Lemma 3. (Raphael’s Lemma) If A is a regular Baer ring and B is a regular ring which is an
essential extension of A then B is also Baer and we have a canonical homeomorphism
φ : SpecB → SpecA p 7→ p ∩A
whose inverse is
φ−1 : SpecA→ SpecB q 7→ qB
Lemma 4. Let A be a real regular ring and let C be a real closure ∗ of A, then
1. C can be regarded as a real closure ∗ of B(A)
2. The spectral map SpecC → SpecB(A) induced from 1. is a homeorphism.
Proof. By Storrer’s Satz, we have the following commutative diagram of rings
A
C
Q(A)
Q(C)
..................................
....
...
.......
..............................................................................................
.....
...
...
.
..............................................................................................
.....
...
...
.
..................................
....
...
.......
We can thus regard all the given rings as subrings of Q(C). By Theorem 15 of [3] we know that C is
Baer, thus by Proposition 2 in [3] C contains all the idempotents of Q(C). Specifically, C contains
A and all the idempotents of Q(A). But A and the idempotents of Q(A) together generate B(A).
Therefore B(A) may indeed be regarded as a subring of C. We originally had B(A)+ constructed
in such a way that it is the partial ordering of B(A) which is the weakest extension of A+ (see [2]
§1.3 p.34-35). Thus C+ ∩B(A) ⊃ B(A)+ ⊃ A+ and therefore B(A) can in fact be regarded as a
subporing of C. We thus have the following extension of porings
A −֒→ B(A) −֒→ C
we also know that C is an integral and essential extension of A meaning that it is also an integral
and essential extension of B(A). C being real closed ∗ implies that C is indeed a real closure ∗ of
B(A). By Raphael’s Lemma, SpecC → SpecB(A) is a homeomorphism.
Lemma 5. Let A be a real regular ring and let B,C be two real closure ∗ of A such that they
are not A-isomorphic. Then there exists p ∈ SpecB(A) such that
B/pB 6∼=A/p∩A C/pC
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Proof. Set X := SpecA, Y := SpecB and Z := SpecC. By Lemma 4, we regardB(A) as a subpor-
ing of both B and C and we know then that SpecB and SpecC are (canonically) homeomorphic
to SpecB(A). By Theorem 8 in [4] there is an x ∈ X such that
Property ⋆
for all yx ∈ Y and zx ∈ Z that lie over x (i.e. yx ∩ A = zx ∩A = x) we get
B/yx 6∼=A/x C/zx
Fix an x ∈ X with the above property and choose yx ∈ Y lying over x (this can be done, since
the spectral map Y → X is a surjective one, see for instance [12] Lemma 1.14). Now consider
p := yx ∩ B(A) ∈ SpecB(A) then pB ∈ SpecB and pC ∈ SpecC (by Raphael’s Lemma) that lie
over x and so by Property ⋆
B/pB 6∼=A/x C/pC
Definition. Let f : X → Y be a function between topological spaces X and Y . This function
will be called a near open (or near-open) function (German: fast offene Abbildung) iff for all
nonempty opens set U ⊂ X there exists a nonempty open set V ⊂ Y such that V ⊂ f(U)
Example.
1. Let R be the real numbers endowed with the usual Euclidean topology. Let f : R → R be
defined by f(x) = x2. Then this function is a continuous function that is near open however
it is not open , because for instance f((−1, 1)) = [0, 1).
2. As will be seen in Theorem 7, if A is a von Neumann regular ring that is not Baer, then the
canonical map SpecB(A) → SpecA is a continuous near open map between Stone spaces
that is not open.
Lemma 6. Let A be a von Neumann regular ring and let B be an overring of A. Set
φ : SpecB → SpecA p 7→ p ∩A
Then for any a ∈ A we have the identity
φ(DB(a)) = DA(a)
Proof. Suppose a ∈ A.
”⊂” Let p ∈ SpecB and suppose a 6∈ p, then clearly a 6∈ p ∩ A. In other words φ(p) ∈ DA(a).
”⊃” Let q ∈ SpecA and let a 6∈ q, then by [12] Lemma 1.14 there exists a p ∈ SpecB such
that φ(p) = q. If a ∈ p then a ∈ p ∩ A = q = φ(p) is a contradiction, thus a 6∈ p. So there is a
p ∈ DB(a) such that φ(p) = q.
Theorem 7. Let A be a von Neumann regular ring, then the canonical map
φ : SpecB(A) −→ SpecA
is a near open surjection. Moreover φ is open iff A = B(A) (i.e. A is Baer).
Proof. Suppose U ⊂ SpecB(A) is a nonempty open set. Without loss of generality we may assume
U = DB(A)(x)
for some x ∈ B(A)\{0}.
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Now because B(A) is a ring of quotients of A (see for instance the last paragraph of [5] p.8)
there exists a y ∈ A such that xy ∈ A\{0} (this is because A is semiprime and commutative, see
[5] Theorem following Lemma 1.5). We also then have
DB(A)(x) ⊃ DB(A)(xy)
Using the above equation and the preceeding Lemma we obtain
φ(DB(A)(x)) ⊃ DA(xy)
and therefore φ is near open. φ is a surjection because of [12] Lemma 1.14.
Now we prove the last statement of the Theorem, the proof that follows is by Niels Schwartz.
If A is Baer then A = B(A) and so φ is a homeomorphism, thus an open map. If A is not
Baer then SpecA is not extremally disconnected (see Prop. 2.1 [9]), suppose then that φ is open.
Since SpecA is not extremally disconnected, there exists an open set U ⊂ SpecA such that U (i.e.
the topological closure of U in SpecA) is not open in SpecA. Because SpecB(A) is extremally
disconnected φ−1(U) (closure in SpecB(A)) is clopen, but because φ is a continuous surjection,
SpecB(A) is compact and SpecA is Hausdorff we the following result from basic general topology
φ(φ−1(U)) = U ⊂ SpecA
And because we assumed φ is open, the above equation implies that U is open, which is a contra-
diction.
Theorem 8. Let A be a real regular ring, then A has no unique real closure ∗ iff there exists an
x ∈ A such that
[suppAP (x) ∩ suppAP (−x)]
◦ 6= ∅
Proof. ”⇐” Theorem 14 of [4] states the same thing as this Proposition, however it was assumed
there that A is Baer and no mention of near openness is made. However in the sufficiency condition
of the said Theorem there was no implementation of A being Baer. Thus we need only prove the
necessity for this Proposition.
”⇒” We almost use the same method of proof as seen in Theorem 14 [4]. Let C1, C2 be two
real closure ∗ of A such that they are not A-isomorphic.
Throughout the proof let i = 1, 2. By Lemma 4 we may regard B(A) as a subporing of Ci and
denote
νi : SpecCi
∼
−→ SpecB(A)
to be the canonical spectral map (it is a homeomorphism by Raphael’s Lemma).
Now, by Lemma 5, there exists a p ∈ B(A) such that
C1/pC1 6∼=A/p∩A C2/pC2
We observe that Ci/pCi is a real closed field (as Ci is real closed ∗, therefore has factor fields
that are real closed. See [3] Theorem 15), and is algebraic over the field A/p ∩A. Thus there are
α1, α2 ∈ SperA such that
supp(α1) = supp(α2) = p ∩ A
and
ρ(αi) ∼=A/p∩A Ci/pCi i = 1, 2
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We also have the following commutative diagram of topological (spectral) spaces
SperA
αi
SpecB(A)
p
SpecA
p ∩A
i = 1, 2
..........................................................................
.
..
φi
.......................................
.
.. ..
.
..
.
............................................................................
......
ψ
....................................
..
.
...
..
..
............................................................................
....
suppA
..........................
....
......
where
φi := µi ◦ supp
−1
Ci
◦ ν−1i
with
µi : SperCi → SperA α 7→ α ∩ A
Note that suppCi and νi are homeomorphisms (Ci is a real closed ring too, see [3]), therefore φi
is indeed well-defined.
Now let x ∈ α1\α2 then
p ∈ suppAP (x) ∩ suppAP (−x)
and
suppAP (x) ⊃ ψφ
−1
1 P (x)
suppAP (−x) ⊃ ψφ
−1
2 P (−x)
so
suppAP (x) ∩ suppAP (−x) ⊃ ψφ
−1
1 P (x) ∩ ψφ
−1
2 P (−x) ⊃ ψ(φ
−1
1 P (x) ∩ φ
−1
2 P (−x))
but
p ∈ φ−11 P (x) ∩ φ
−1
2 P (−x)
because
φ1(p) = α1 ∈ P (x)
and
φ2(p) = α2 ∈ P (−x)
Therefore φ−11 P (x) ∩ φ
−1
2 P (−x) is a nonempty open set in SpecB(A),
Now by Theorem 7 ψ is near open, therefore there exists a nonempty open set U ⊂ SpecA
such that
U ⊂ ψ(φ−11 P (x) ∩ φ
−1
2 P (−x))
Hence
[suppAP (x) ∩ suppAP (−x)]
◦ 6= ∅
Definition. Let A be a poring. By a section of supp : SpecA→ SperA, we mean a map
s : SpecA→ SpecA
such that supp ◦ s = idSpecA, where for any set X by idX we mean the identity map
idX : X −→ X x 7→ x
Theorem 9. Let A be a real Baer regular ring, then there is a one to one correspondence between
the set of all real closure ∗ of A identified up to A-isomorphisms and the set of continuous sections
of suppA.
6
J. Capco Uniqueness of real closure ∗ of regular rings
Proof. Set
S := {s : SpecA→ SperA : s is continuous and supp ◦ s = idSpecA}
and C := D/ ∼=A
We now attempt to define a bijection Φ : S → C. Let s ∈ S, since s is a section of supp (i.e.
supp ◦ s = idSpecA) we know then that A can be considered as a subring of
B :=
∏
p∈SpecA
ρ(s(p))
B is a real closed ring (see Remark 1 [3]), and therefore suppB is a homeomorphism. We thus
have the following commutative diagram of spectral spaces
SperA
SpecA
SperB ∼= SpecB
......................................
....
supp
............................................................
φ
................................................................................
.....
ψ
where φ and ψ are canonical maps.
Now for any set Z ⊂ SpecB, define , as is usual in algebraic geometry,
IB(Z) :=
⋂
p∈Z
p
Define X := s(SpecA) and observe then that
IB(φ
−1(X)) ∩ A =
⋂
p∈φ−1(X)
p ∩ A =
⋂
p∈φ−1(X)
ψ(p)
=
⋂
p∈φ−1(X)
supp(φ(p)) =
⋂
q∈supp◦φ(φ−1(X))
q
=
⋂
q∈supp(X)
q = 〈0〉
the last row of the equation is because φ is surjective and that supp(X) = supp(s(SpecA)) =
SpecA.
We may therefore, by Zorn’s Lemma, choose an ideal I EB such that IB(φ
−1(X)) ⊂ I and
A −֒→ B −→ B/I
is an essential extension of A. Set Y := SpecB/I ∼= SperB/I (Because B/I is real closed, see [3]
Remark 1), we then have the following commutative diagram
SperA Y
SpecA
............................................................................................ .
.
..
π
......................................
....
supp
....................................................................................................
.....
γ
where π and γ (γ being a homeomorphism by Raphael’s Lemma) are canonical maps. Define
s′ : SpecA −→ X s′(p) := s(p)∀p ∈ SpecA
We now claim . . .
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Claim 1: s′ ◦ supp|X = idX
We know
s′ ◦ supp ◦ s′ = s′
and we know that s′ is bijective (as s is a section and therefore injective). So we may compose
the right side by s′−1 and we get the desired identity!
Claim 2: π(Y ) = X
Since I ⊃ IB(φ−1(X)) and since we know that φ−1(X) is closed (this is because φ is continuous
and s is a continuous map between a compact space and a Hausdorff space, and so X = s(SpecA)
and φ−1(X) are closed) in SpecB, we then know that
Y ∼= VB(I) ⊂ VB(IB(φ
−1(X))) = φ−1(X)
This imples that
π(Y ) = φ(VB(I)) ⊂ φ(φ
−1(X)) ⊂ X
therefore π(Y ) ⊂ X and so by Claim 1 we get
s ◦ γ = s ◦ supp ◦ π = π
In other words we have the commutative diagram
SperA Y
SpecA
............................................................................................ .
.
..
π
...
...
...
...
...
...
...
...
...
..
...
...
.......
s
....................................................................................................
......
γ
but s ◦ γ(Y ) = π(Y ) = s(SpecA) = X (because γ is a homeomorphism and thus a surjection).
Now define
Φ(s) := ic(A,B/I)/ ∼=A
we need yet to show that Φ defined in this way for any s ∈ S is . . .
Claim 3: well-defined
In other words we need to show that for s ∈ S, Φ(s) is in C and is independent of the choice
of I (as constructed above). Let B and I E B be as constructed above. Because B/I is a von
Neumann regular ring that is essential over the Baer ring A, B/I is Baer and real closed (by
Raphael’s Lemma and Remark 1 in [3]). Therefore B/I is a real closed ∗ ring (by [3] Theorem
15). And so by [4] Proposition 6 ic(A,B/I) ∈ D. This proves that Φ(s) ∈ C.
Now suppose that I1, I2 are two ideals in B such that
I1, I2 ⊃ IB(φ
−1(X)
and such that B/I1, B/I2 are essential extensions of A. We show that
ic(A,B/I1) ∼=A ic(A,B/I1)
Let i = 1, 2 and define Ci := ic(A,B/Ii). We then have the following commutative diagram of
porings
A B/Ii
Ci
...............................................................................................
.....
...
...
.
..........................................................................................................
..
...
....
...
...
..
...
...
...
...
...
...
...
...
......
........
..
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with all the maps being canonical injections (whose spectral maps on their prime spectra are all
homeomorphic). Now suppose that p ∈ SpecA then there is a unique pi ∈ SpecB/Ii such that
pi∩A = p (in fact pi = pB/Ii by Raphael’s Lemma). Now accroding to the commutative diagram
in Claim 2, we have the following commutative diagram of spectral spaces
SperA
SpecA
SperB/Ii ∼= SpecB/Ii
i = 1, 2
.................................................................
.
..
πi
..
...
...
..
...
...
...
...
..
...
...
...
...
......
s
.................................................................................................................
......
γi
where πi, γi are canonical maps. Therefore sγi(pi) = π(pi) = s(p) and so because Ci/pCi and
B/pi are real closed fields we obtain
Ci/pCi = ic(A/p, B/pi) ∼=A/p ρ(s(p))
and this is valid for all p ∈ SpecA. Thus by Theorem 8 of [4]
C1 ∼=A C2
Claim 4: injective
Let s, t ∈ S. Suppose also that Φ(s) = Φ(t). Let C ∈ D such that
Φ(s) = Φ(t) = C/ ∼=A
as we have seen in Claim 3, we know that for all p ∈ SpecA one has
ρ(s(p)) ∼=A/p C/pC ∼=A/p ρ(t(p))
thus one concludes at once that for all p ∈ SpecA one has s(p) = t(p) and therefore s = t
Claim 4: surjective
Let C ∈ D, one then has the following commutative diagram of spectral spaces
SperA
SpecA
SperC ∼= SpecC
......................................
....
supp
........................................................ ....
π
................................................................................
.....
γ
where γ and π are canonical maps. So here, for any q ∈ SpecC (because C is real closed) we have
the identity
ρ(π(q)) ∼=A/q∩A C/q
Now define
s : SpecA→ SperA s(p) := π(γ−1(p))∀p ∈ SpecA
We show first that s ∈ S. For all p ∈ SpecA we get
supp ◦ s(p) = suppπ(γ−1(p)) = γγ−1(p) = p
Thus supp◦s = idSpecA (i.e. s is indeed a section of supp). Because both π and γ−1 are continuous
maps we see then that s is a continous map.
We now show that Φ(s) = C/ ∼=A. Let C′ ∈ D such that C′/ ∼=A= Φ(s). But from Claim 3
we have seen that for any p ∈ SpecA we have
C′/pC′ ∼=A/p ρ(s(p)) = ρ(πγ
−1(p)) ∼=A/p C/pC
One then uses Theorem 8 of [4] to claim that C ∼=A C′.
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Proposition 10. Let A be a real von Neumann regular ring, then a section of suppA is a home-
omorphism onto its image iff it is continuous.
Proof. The proof is quite straightforward. One side of the equivalence is trivial. Because SpecA
and SperA are compact and Hausdorff then the image of a continuous section of supp is closed
compact and Hausdorff in SperA. The same reasoning tells us that the section brings closed sets
to closed set in the image (because it is a continuous map from a compact space to a Hausdorff
space). The section being injective is thus a homeomorphism onto its image.
Let A be a real Baer regular ring, and set X := SpecA and Y := SperA. In [8] Chapter I
there is a beautiful treatise on the different topologies that the set of continuous functions from
X to Y may have (and by which practical application may be applied on these topologies). We
shall denote the set of continuous functions from X and Y as C(X,Y ) for now. C(X,Y ) may have
the so called point convergence topology which is simply the topology relative to the Tychonoff
product topology of Y X . A finer topology would be the compact-open topology (see [8] p.4). As is
shown in Theorem 1.1.3 of [8] most reasonable topologies of C(X,Y ) contain the point convergence
topology. So if we show that a subset of C(X,Y ) is closed with respect to the point convergence
topology then it is automatically closed in these other topologies of C(X,Y ) (namely those induced
by closed networks on X , for terminologies and further reading the reader is advised to consult
[8] Chapter I).
Below is a Lemma that is proven by K.P. Hart (with a bit of rewording by me) in the sci.math
newsgroup during one of our discussion regarding the set of continuous sections of a continuous
map.
Lemma 11. (K.P. Hart, 12.2007) Given a surjective continuous function between T1 topological
spaces, say π : Y → X , the set of continuous sections of π is closed in C(X,Y ) (i.e. set of
continuous functions from X to Y ) with the point convergence topology.
Proof. Let
Fx := {f ∈ Y
X : f(x) ∈ π−1(x)}
then this set is obviously closed (with the point convergence topology) in Y X and the set of
continuous sections of π can be written as the intersection
⋂
x∈X
Fx ∩ C(X,Y )
and this is also obviously closed relative to C(X,Y ).
Corollary 12. Let A be a real Baer von Neumann regular ring, then the set of real closure ∗
of A identified upto A-isomorphism form a Hausdorff topological space and can be identified as
a closed subspace of C(X,Y ) with the point convergence topology (and thus also in other finer
topologies induced by closed networks on X as defined in [8] p.3, this fact is due to Theorem 1.1.3
of [8])
Proof. Because of Theorem 9, we may identify the set of real closure ∗ of A with the set of
continuous sections of suppA. Set X := SpecA and Y := SperA and write C(X,Y ) to be the set
of continuous functions from X to Y and use the above Lemma substituting π with suppA.
During the investigation of von Neumann regular rings, I made many use of the Baer hull of
the ring. It was therefore natural to ask the question whether the Baer hull and the complete ring
of quotients of such rings coincide. The example below shows that one may indeed have a Baer
von Neumann regular ring that is not rationally complete.
Example. Let K be a real field (say R). Also define a ring
R :=
∏
x∈K
Kx Kx := K ∀x ∈ K
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with canonical (componentwise) addition and multiplication. We may also from now on regard K
as a subring R by taking the canonical monomorphism
K −֒→ R k 7→ {kx|x ∈ K, kx = k}
We now define a subring of R
A := {
n∑
i=1
eixi : ei ∈ E(R), n ∈ N}
We shall now give some facts regarding A with sketches of their proof
Claim 1 For any a ∈ A we claim that we may write a as
a =
n∑
i=1
eixi
with xi ∈ K and ei ∈ E(R) for i = 1, . . . , n and the ei’s satisfy the fact that they have pairwise
disjoint supports . In other words
{x ∈ K : ei(x) 6= 0} ∩ {x ∈ K : ei(x) 6= 0} = ∅ i, j = 1, . . . , n i 6= j
To show this, we first write a as
∑m
i=1 fiyi for some yi ∈ K and fi ∈ E(R) (by definition of A).
Now we define S to be the powerset of {1, . . . ,m} without the emptyset and for any S ∈ S set
eS :=
∏
j∈S
fj
∏
k 6∈S
(1 − fk)
and
XS := {x ∈ X : fS(x) 6= 0}
Then one shows that for any S, T ∈ S such that S 6= T we get S 6= T and we have the identity
a =
m∑
i=1
fiyi =
∑
S∈S
eS
∑
j∈S
yj
Thus we may write a as a linear combination (with K as the scalar) of 2n − 1 idempotents with
disjoint support.
Claim 2 One checks that A is a proper subring of R. To check that A is strictly contained in R,
one need to only show that the element r ∈ R defined by r(x) = x is not in A. To do this we
note a fact that r can never be written as linear combination of idempotents of R with disjoint
supports, and then we make use of Claim 1.
Claim 3 We now claim that A is in fact von Neumann regular. Let a ∈ A\{0}, then we may write
a as
a =
n∑
i=1
eixi xi ∈ K\{0}, ei ∈ E(R)\{0}
with ei’s having pairwise disjoint supports. Then define a
′ ∈ A by a′ =
∑
eix
−1
i , one easily sees
that a′ is the quasi-inverse of a, i.e. a2a′ = a. Because a was an arbitrary nonzero element of A,
we have proven that any element of A has a quasi-inverse and so the ring is von Neumann regular.
Claim 4 R is a rational extension of A and A is a Baer proper subring of R. R is obviously a
rationally complete ring (its the product of fields). And if r ∈ R\{0} then one can easily multiply
it by an idempotent with finite support to have an element in A. So R is a rational extension of
A which is rationally complete and thus the complete ring of quotients of A is R. A also has all
the idempotents of R, thus A is Baer by Mewborn’s Proposition (see [3] Proposition 2).
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
Notation. Let A be a poring and α ∈ SperA, then we write A(α) to mean the real field
Quot(A/supp(α)) with the canonical partial ordering corresponding to α (i.e. α/supp(α) ⊂
A(α)+). The real closed field (upto A/supp(α)-isomorphism) which is a real field extension of
A(α) will then be denoted as ρ(A(α)). We formerly used ρ(α) to denote this, but there is a good
reason why we use ρ(A(α)) instead. Firstly ρ was the symbol first used to mean the real closure (in
the sense of Niels Schwartz) functor, and ρ(A(α)) is indeed the real closure of A(α). Therefore we
reduce confusion here (since ρ(α) used previously had nothing to do with the real closure functor
ρ). Secondly, sometimes it is important for us to specify the ring involved and ρ(A(α)) does show
us that we are dealing with the poring A. So, we shall henceforth make use of this notation.
Theorem 13. Let A be a real von Neumann regular ring and consider the pullback
SperA×SpecA SpecB(A) SperA
SpecB(A) SpecA
..................................
..
......................................
....
suppA
......................................
....
...........................................................................
..
φp
with φp being the canonical map (i.e. φp(p˜) := p˜ ∩ A for all p˜ ∈ SpecB(A)). It turns out then
that the fiber product
SperA×SpecA SpecB(A)
is (canonically) homeomorphic to SperB(A).
Proof. Abbreviate B := B(A), set X := SperA ×SpecA SpecB and name the projection of the
pullback by
πA : X −→ SperA
and
πB : X −→ SpecB
Then we have the following commutative diagram in spectral spaces
SperB SperA
SpecB SpecA
.....................................................................................
..
φr
......................................
....
suppA
......................................
....
suppB
....................................................................................
..
φp
where φr is the canonical map. By the universal property of the pullback there is a unique
continuous map ψ : SperB → X such that the diagram below commutes
X SperA
SpecB SpecA
SperB
........................................................
..
πA
......................................
....
suppA
......................................
....
πB
..............................................
..
φp
..............................................................
...ψ
...........................................................................................................................................
..
φr...........................................................................
suppB
This Theorem claims that ψ is in fact a homeomorphism.
Observe that because B is an integral poring extension of A, one has for any α˜ ∈ SperB the
identity
ρ(A(α)) ∼=A/supp(α) ρ(B(α˜))
12
J. Capco Uniqueness of real closure ∗ of regular rings
(see also Lemma 2(i) in [4]) where α := α˜ ∩ A = φr(α˜). Now we show that . . .
ψ is injective
Let α˜, β˜ ∈ SperB such that ψ(α˜) = ψ(β˜) =: x for some x ∈ X . Then
πA(x) = α˜ ∩ A = β˜ ∩ A =: α ∈ SperA
for some α ∈ SperA, this implies that
ρ(B(β˜)) ∼=A/supp(α) ρ(A(α)) ∼=A/supp(α) ρ(B(α˜))
Also
πB(x) = suppB(α˜) = suppB(β˜) = p˜ ∈ SpecB
for some p˜ ∈ SpecB. But the prime cone α˜ of B can be regarded also as the pair
(ρ(B(α˜)), suppB(α˜)) = (ρ(α), p˜) = (ρ(B(β˜)), suppB(β˜))
see for instance [6] §3 or Proposition 1.3 in [1] so in fact α˜ = β˜.
ψ is surjective
We may regard the elements of X as pairs of the form (α, p˜) ∈ SperA × SpecB such that
suppA(α) = p˜ ∩ A = φp(p˜). Thus let (α, p˜) ∈ X and let the prime cone of B associated to
the pair (ρ(A(α)), p˜) be denoted by α˜, in fact specifically
α˜ = {b ∈ B : bmod p˜ ∈ ρ(A(α))+}
(see for instance remark in [6] after Satz 1, p.108). Then suppB(α˜) = p˜ and α˜ ∩ A = φr(α˜) = α
and therefore (by the definition of X) we get ψ(α˜) = (α, p˜).
It is easy to see that X is also a Stone space, therefore we have a continuous bijection ψ between
a compact space SperB and a Hausdorff space X . This bijection is therefore also a closed map
and thus a homeomorphism.
Definition. Let X be a topological space with topology T then
1. An open filter, U on X is a subset of T which is also a filter (with the usual containment as
partial ordering)
2. Similarly one defines an open ultrafilter on X
Below is a construction of absolutes of Hausdorff space as implemented by Porter and Woods
in [11] §6.6 and in [10] §3.1.
Construction 14. (Iliadis absolutes) Let X be a Hausdorff space with topology T . It is shown
in [11] §6.6(d) that if U is an open ultrafilter on X one has
⋂
U∈U
U 6= ∅ ⇔ ∃x ∈ X −
⋂
U∈U
= {x}
The Gleason space of X , denoted θX , consists of the set of all open ultrafilters on X equipped
with a topology generated by the open basis consisting of the sets of the form
{U ∈ θX : U ∈ U} U ∈ T
The Iliadis absolute or absolute of X is defined by
EX := {U ∈ θX :
⋂
U∈U
U 6= ∅}
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and it is equipped with the subspace topology of θX . It is shown in [11] §6.6(e) that EX is Stone
and extremally disconnected.
There is a surjection from EX to X , which we shall call the projection of the absolute of X
and denote it by πX which is defined by
πX : EX −։ X π(U) :=
⋂
U∈U
U ∀U ∈ EX
It is shown in [11] §6.6(e)(6) that X is regular (as topological space) iff πX is continuous. In
particular if X is Stone then πX is a continuous map.

Definition. A function f : X → Y between two topological spaces is called an irreducible surjec-
tion iff the function is continuous, surjective, closed and for any proper closed set C ( X we have
f(C) ( Y .
The above definition can be found in [11] 6.5(a). However, when discussing about a function
having the property in the above definition we always accompany the word irreducible with the
word surjection in order to avoid confusion (because ”irreducible” is very frequently used in
mathematics and could mean many different things).
Lemma 15. Let A be a von Neumann regular ring, then the canonical map φ : SpecB(A) →
SpecA is an irreducible surjection
Proof. That φ is continuous and closed is clear (because SpecA is Hausdorff and SpecB(A) is
compact), it is also clearly surjective (see for instance [12] Lemma 1.14). Suppose now that there
is a closed set C ( SpecB(A) such that φ(C) = SpecA. Without loss of generality we may assume
C to be of the form VB(A)(b) for some b ∈ B(A)\{0} (SpecB(A)\C is open, so there is a nonempty
basic open set contained in it). Now because B(A) is a rational extension of A, there is an a ∈ A
such that ba ∈ A\{0}. We know by Lemma 6 that φ(VB(A)(ab)) = VA(ab) (because we have a
regular ring, we can express VB(A)(ab) = DB(A)(x) for some x ∈ A) and so
VB(A)(b) ⊂ VB(A)(ab)⇒ SpecA = φ(VB(A)(b)) ⊂ φ(VB(A)(ab)) = VA(ab) = SpecA⇒ ab = 0
which is a contradiction.
Because the above Lemma only uses the fact that B(A) is a rational extension of A, we can
use the same proof to show
Corollary 16. Let A be a von Neumann regular ring and let B be a rational extension of A, then
the canonical map
SpecB −→ SpecA
is an irreducible surjection.
Proposition 17. If A is a von Neumann regular ring, then there is a homeomorphism
ψ : ESpecA→ SpecB(A)
such that φ ◦ ψ = πSpecA, where
φ : SpecB(A)→ SpecA
is just the canonical map.
Proof. This is an immediate consequence of the above Lemma, the fact that SpecA is a regular
space (since it is Stone), [11] §6.1(a) and [11] §4.8(h)(3).
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So we do see that no direct information of the ring structure of B(A) (for a real regular ring
A) is necessary to obtain information about the topological space SpecB(A) and SperB(A), the
only information we needed for these topological spaces were those of SpecA and SperA.
Now we try to classify the real closure ∗ of an arbitrary real von Neumann regular ring. One
may expect a combination of Lemma 4 and a modification of Theorem 9, however the result is
rather more complicated than just that. We may indeed argue that the set of real closure ∗ of a
real regular ring, say A, is the same as the set of real closure ∗ of its Baer hull (from Lemma 4).
But we are dealing here with the sets with an equivalence relation that identify the real closure ∗ of
A upto A-isomorphisms. And we are not aware whether B(A)-isomorphism and A-isomorphism of
the real closure ∗ are equivalent. What has been just discussed is best illustrated by the following
Proposition (and its proof).
Proposition 18. Let A be a real regular ring and set B to be the Baer hull of A. Define now
the following
1. S := {s : SpecB → SperB : s is a continuous section of suppB}
2. C := {C : C is a real closure ∗ of A} = {C : C is a real closure ∗ of B}
3. πr : SperB → SperA α˜ 7→ α˜ ∩ A
4. an equivalence relation ∼ on S
s ∼ t⇔ suppA(πr(s(SpecB)) ∩ πr(t(SpecB))) = SpecA (s, t ∈ S)
Then there is a bijection
Φ : S/ ∼֌→ C/ ∼=A
Proof. Define first ΦB : S → C/ ∼=B to be the bijection between the continuous sections of suppB
and the real closure ∗ of B upto B-isomorphism as shown in Theorem 9. Now for any s ∈ S set
Cs to be any chosen ring in C such that ΦB(s) = Cs/ ∼=B (throghout, as we are dealing with
A-isomorphisms our proof will be independent of the choice of this Cs for any s).
We now need to first show that ∼ is actually an equivalence relation on S. The only difficult
problem actually lies on proving transitivity. We claim that
s ∼ t⇔ Cs ∼=A Ct (s, t ∈ S)
(independent of the choices of Cs and Ct) and if we show this then we have also shown that ∼ is
an equivalence relation. Let s, t ∈ S then
s ∼ t
m
∀p ∈ SpecA ∃p˜s, p˜t ∈ SpecB and α ∈ SperA −
p˜s ∩ A = p˜t ∩ A = suppA(α) = p
and s(p˜s) ∩ A = t(p˜t) ∩ A = α
m
∀p ∈ SpecA ∃p˜s, p˜t ∈ SpecB and α ∈ SperA −
p˜s ∩ A = p˜t ∩ A = suppA(α) = p
and Cs/p˜sCs ∼=A/p Ct/p˜tCt ∼=A/p ρ(B(s(p˜s))) ∼=A/p ρ(B(t(p˜t))) ∼=A/p ρ(A(α))
m
Cs ∼=A Ct
Now for any s ∈ S let us denote s¯ to be the image of s in S/ ∼. For such an s we now set
Φ(s¯) = Cs/ ∼=A
and we show that Φ defined in such way is . . .
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well-defined. Let s, t ∈ S and s ∼ t. Then by our previous claim this is equivalent to Cs ∼=A Ct.
And thus Φ is indeed well-defined.
bijective. Injectivity is almost clear, because if Φ(s¯) = Φ(t¯) for some s, t ∈ S then by construction
of Φ we get Cs ∼=A Ct which by our very first claim implies that s ∼ t.
Surjectivity is due to the fact that for any real closure ∗ of A say C, there is an s ∈ S such
that ΦB(s) = C/ ∼=B. And we thus have Φ(s) = C/ ∼=A.
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